The displacement of non-Newtonian power-law fluids in communicating stratified reservoirs with a log-normal permeability distribution is studied. Equations are derived for fractional oil recovery, water cut, injectivity ratio, and pseudorelative permeability functions, and the performance is compared with that for Newtonian fluids. Constant-injection-rate and constant-total-pressuredrop cases are studied.
. (7)
Darcy-Law Analogy. Different approaches were used to transform Eq. 7 into a form similar to Darcy's law by introducing an apparent-viscosity term. Bird et al. (1960) 
. (8)
It is clear that the effective viscosity as defined in this equation will not be a function of the rheological-model parameters H and n only. It also will depend on the porosity and permeability of the rock.
Other investigators such as Gogarty et al. (1972) and Cannella et al. (1988) As can be seen from Eq. 7, the apparent viscosity in this case also will be dependent on the pressure gradient dp/dx in addition to the rock and fluid properties.
In this work, we separate the effect of rock properties and pressure gradient from the definition of the apparent fluid viscosity and introduce the following definition for ap , which depends only on the rheological-model parameters H and n. where k ri is the relative permeability to the specified phase i (oil, gas, or water). The definition of the apparent viscosity in this formulation is different from those of Bird et al. (1960) , Gogarty et al. (1972) , and Cannella et al. (1988) in that only the fluid parameters H and n are used in the definition. The rock parameters k and and the pressure gradient dp/dx are not used. The effect of the rock properties on the flow is introduced in the non-Newtonian-flow coefficient ␣. Although Eq. 7 is the same in all models, this formulation is more convenient in handling two-phase-flow problems.
Development of the Model Equations
The following assumptions are made:
• The system is linear, horizontal, and of constant thickness.
• The flow is isothermal, and rock and fluids are incompressible.
• The initial fluid distribution is uniform with irreducible water saturation.
• The displacement is pistonlike, with only residual oil behind and initial conditions ahead of the displacement front.
• Capillary and gravity forces are negligible.
• The relative permeability characteristics (S wi , S or , k rw • , and k ro • ) are the same for all layers.
• The porosity is assumed the same in all layers.
• Adsorption of fluids on the solid surface of the porous media is negligible, so effects such as porosity and permeability alteration or inaccessible pore volume are not considered.
As in the conventional prediction methods for stratified reservoirs, the layers are ordered in a decreasing order of absolute horizontal permeability, with each layer i having a thickness ⌬h i and permeability k i . In the horizontal direction between injection and production faces, the system is divided into N+1 zones separated by the displacement fronts. Zone 0 is at the production end, while Zone N is at the injection end, with N being the number of layers. All layers in Zone 0 (zero zones flooded) are at initial conditions, while all layers in Zone N (N layers flooded) are at the residual oil saturation. At Zone j (j layers flooded), Layers 1 through j are at residual oil saturation, while Layers j+1 through N are at initial conditions (see Fig. 1 ).
Fractional-Flow Formula. At the time of water breakthrough in the jth layer, the fraction of water flowing at the outlet boundary (water cut) f wj , as derived in Appendix A, is given by
It should be noted that Eq. 14 is implicit in f wj . It may be written in the following form: Fractional Oil Recovery. The equations for oil recovery will be the same as those for Newtonian fluids except for the expression for the fractional-flow formula.
Once the function f wj is evaluated, the equations for communicating stratified reservoirs as given in the literature can be used (Hiatt 1958; Warren and Cosgrove 1964; El-Khatib 1999) : The fractional oil recovery at time of breakthrough in the jth layer is given by
where the dimensionless time is the injected volume relative to the ultimate oil recovery, and the fractional oil recovery is also relative to the ultimate oil recovery so that at j=N, R‫.1ס‬
The dimensionless time at breakthrough in layer j is given by where the average (pseudo) non-Newtonian-flow factor ␣ w is defined as Curves for oil and water pseudorelative permeabilities can be used in reservoir simulation, collapsing the vertical direction into a single block. The pseudofractional-flow curve f w can be calculated from pseudorelative permeabilities by use of the relation
Injectivity Variation. As the displacement proceeds and more of the displacing fluid enters into the formation, either the injection rate, the total pressure drop, or both will change. The variation is expressed in terms of the injectivity ratio I r or the resistivity ratio ␤, which is the inverse of the injectivity ratio and is defined as
The expressions for the resistivity ratio ␤ are derived in Appendix B and given below.
Before water breakthrough in the first layer,
At time of water breakthrough in layer j,
It is to be noticed from Eqs. 32, 33, and 14 that for the constantinjection-rate case, the calculation of the injectivity (resistivity) ratio is straightforward. In this case, the value of f wj needs to be calculated only once for each j (j‫,1ס‬ 2, . . . N). The resistivity ratio is linear with the dimensionless time before water breakthrough in the first layer and linear with between times of water breakthrough in the successive layers. On the other hand, for the case of constant total pressure drop ⌬p t , the total injection rate Q t will vary with time. In this case, as shown by Eq. 14, the fractional flow f w will be time dependent (i.e., it will depend on the location of the displacement front in the different layers). As realized from Eqs. 32 and 33, the terms inside the summation involving f wj and ⌬f wj will change. At any given value of the dimensionless time , there will be a specific fractional-flow curve. The same also applies for times after water breakthrough in the first layer. An iterative procedure must be used to estimate both Q t and f wj simultaneously at different dimensionless times before water breakthrough in the first layer and at the dimensionless times of water breakthrough in the successive layers (j‫,1ס‬ 2, . . . , N). At the time of water breakthrough in Layer j, only values of f wi for i=j, j+1, . . . . . . , N−1 need to be calculated (f wN ‫.)1ס‬ It is clear from the above discussion that for the case of constant total pressure drop, the resistivity ratio is not linear with the dimensionless time , neither before water breakthrough in the first layer nor between times of water breakthrough in the successive layers.
Computational Procedure
The system parameters that are needed to perform the computations include the number of layers N; the values of absolute horizontal permeability k i and thickness ⌬h i for each layer; the porosity ; the rheological-model parameters H o , n o , H w , and n w ; and the relative permeability endpoint characteristics S wi , S or , k rw
• , and k ro
• . The displacement is specified either at constant injection rate Q t or at constant total pressure drop ⌬p t .
The layers are arranged in order of decreasing permeability, and the following terms are calculated for each layer:
• Oil and water non-Newtonian-flow coefficients ␣ oj and ␣ wj are determined by use of Eq. 12.
• For dimensionless thickness ⌬h Dj and dimensionless cumulative thickness h Dj , Eqs. 19 and 20 are used.
• For non-Newtonian formation capacity C wj and C oj , Eqs. A-3 and A-5 are used.
• For pseudorelative permeabilities k rwj and k roj , Eqs. 23 and 24 are used; for dimensionless pseudowater saturation S Dj , Eq. 25 is used.
These values are used both for cases of constant injection rate and for cases of constant total pressure drop.
Constant Injection Rate Q t . The following procedure is performed:
Calculate f wj for each layer (j‫,1ס‬ 2, . . . , N−1) from Eq. 15 using the following Newton-Raphson procedure: 
. (36)
The iteration is continued until Eq. 34 is satisfied within a specified tolerance. Inspection of Eq. 35 shows that gЈ is always positive (>1). This guarantees the convergence of the Newton-Raphson iteration scheme because the function g does not have extreme points. Furthermore, the procedure has a quadratic convergence.
Before Water Breakthrough in the First Layer. During this time, R= and f w ‫.0ס‬ The following calculations are performed to obtain the total pressure drop ⌬p t .
For X 1 ‫,1.0ס‬ 0.2, . . . . . . . , 1.0, calculate • The dimensionless time from Eq. B-6.
• The total pressure drop ⌬p t from Eq. B-7. After Water Breakthrough in the First Layer. At times of water breakthrough in the successive layers j (j‫,1ס‬ 2, . . . , N),
• The values of f wj , S Dj , k rwj , and k roj are already calculated.
• The dimensionless time of breakthrough in layer j is estimated from Eq. 17.
• The fractional oil recovery R j is obtained from Eq. 16.
• The total pressure drop ⌬p t is calculated from Eq. B-9.
Constant Total Pressure Drop ⌬p t . The same procedure as with constant injection rate is followed, with the following modifications:
• The value from the previous time is used as an initial guess for Q t at the start of the new time. At the first time, we choose Q tin calculated from Eq. B-10.
• The values of f wj are calculated for j‫,1ס‬ 2, . . . , N-1 before water breakthrough in the first layer and for j, j+1, . . . , N-1 at times of water breakthrough in layer j using the iterative procedure outlined by Eqs. 34 through 36 using the assumed value of Q t . After all values of f wj are obtained, Q t is calculated from Eq. B-7 before water breakthrough in the first layer and from Eq. B-9 at the time of water breakthrough in layer j. Eq. B-9 is explicit in Q t and can be solved directly. An iteration procedure is needed to solve Eq. B-7 for Q t . Using a Newton-Raphson procedure, Eq. B-7 can be written in the following form with Inspection of Eq. 37 indicates that it does not have any maxima or minima (gЈ 0), and, hence, the iteration procedure converges quadratically. After solving for y, the value of Q t is obtained (‫ס‬y 1/no ). A computer program was written to compute the performance of the stratified system for a given set of model parameters.
Results and Discussion
The developed method was applied to a hypothetical stratified reservoir of 20 layers with the permeability generated from a lognormal distribution with V DP ‫.5.0ס‬ The porosity and endpoint relative permeabilities are assumed the same for all layers.
The log-normal distribution of permeability is given by Effect of Non-Newtonian Flow-Behavior Indices. The basic equations of the model are Eq. 14 for the water cut f w and Eq. 16 for the fractional oil recovery R, with the formation capacity for water and oil given by Eqs. A-3 and A-5, respectively. All these equations include the ratio n w /n o explicitly except Eq. 16, where the ratio is included implicitly in the terms f w and . It is clear from these equations that for n w /n o ‫1ס‬ (i.e., for Newtonian fluids or non-Newtonian fluids with the value of the flow-behavior indices for the displacing and displaced fluids), the model equations reduce to those for the case of displacement by Newtonian fluids. This case is well documented in the literature by Hiatt (1958) , Hearn (1971) , Warren and Cosgrove (1964), and El-Khatib (1999) . These conditions are represented by Case 1 (Table 1) Fig. 2 shows the fractional oil recovery R as a function of dimensionless time for the five cases. For the case of a Newtonian fluid displacing a non-Newtonian fluid, it is seen that the oil recovery is higher for n o ‫8.0ס‬ and lower for n o ‫2.1ס‬ as compared with the Newtonian-fluids case. For the case of a non-Newtonian fluid (water) displacing a Newtonian fluid (oil), the oil recovery is higher for n w ‫2.1ס‬ and lower for n w ‫8.0ס‬ as compared with the Newtonian-fluids case. It is clear that the recovery is high when n w >n o and low when n w <n o , as compared with the Newtonianfluids case (n w /n o ‫.)1ס‬ Fig. 3 shows the water cut f w vs. the fractional oil recovery R. The results indicate delayed water breakthrough with lower water cut for n w >n o and earlier water breakthrough with higher water cut for n w <n o as compared with the Newtonian-fluids case n w /n o ‫.1ס‬ This behavior can be explained by investigating Eq. 15, which can be written as 
. (40)
It is clear that the coefficient of the second term on the left side of the equation increases with the increase of n w /n o . Hence, f w must decrease to keep the sum of the two terms on the left side of the equation constant at the value of unity. The decrease in f w is a favorable indication of reservoir performance. Fig. 4 is a plot of oil and water pseudorelative permeability curves. The results indicate that the water pseudorelative permeability is influenced only by n w and not by n o , while the oil pseudorelative permeability is influenced only by n o and not by n w . The water pseudorelative permeability decreases as n w increases, while the oil pseudorelative permeability increases as n o decreases. This will result in a decrease in fractional flow for increasing n w /n o , as can be realized from Eq. 30. This behavior can be seen in Fig. 5 , which shows the fractional-flow curves vs. the dimensionless (pseudo) water saturation. Fig. 6 is a plot of the total-pressure-drop ratio ⌬P/⌬P in . It can be seen that the ratio drops from unity at the start of displacement to constant values at the time of breakthrough in the last layer. The ratio is, however, higher for n w >n o and lower for n w <n o as compared to the Newtonian-fluids case.
It is to be noted that at the time of breakthrough in the last layer, the pressure-drop ratio ⌬P fin /⌬P in is not equal to the inverse of the modified mobility ratio, as would be the case for Newtonian fluids. As can be derived from Eqs. B-9 and B-10, this ratio is given by 
. (41)
This ratio is equal to 1/␥ only if n w /n o ‫.1ס‬
Effect of Apparent Mobility Ratio. The apparent mobility ratio ␥ as given by Eq. A-8 is calculated for all cases and listed in Table 1 . Fig. 7 shows the performance in terms of water cut f w vs. fractional oil recovery R for Cases 1, 6, 7, 16, and 17. As stated previously, the fractional recovery increases and the water cut decreases for n w >n o . It may appear that the ratio n w /n o controls the performance. Three different cases with the same value of the ratio n w /n o ‫5.1ס‬ but with different individual values for each n w and n o (1.2/0.8, 1.35/0.9, and 1.8/1.2) were investigated. As shown in Fig. 7 , the performance of the three cases is quite different. The three cases have largely different apparent mobility ratios (3.59, 2.89, and 1.87, respectively). It is clear that the recovery increases and the water cut decreases as the apparent mobility ratio decreases. The results of Cases 1, 6, and 7 indicate that the effect of the apparent mobility ratio is secondary compared to the effect of the flow-behavior indices. Although the apparent mobility ratio for the 0.8/1.2 case is 1.99 compared to the value of 2.5 for the 1/1 case, the performance deteriorates because n w <n o . On the other hand, the performance improves for the 1.2/0.8 case over that of the 1/1 case despite the increase in the apparent mobility ratio from 2.5 to 3.59. This is also attributed to n w being greater than n o despite the higher apparent mobility ratio.
It can be seen from Eq. 15 or Eq. 40 that at the same value of n w /n o , a decrease in the value of ␥ will cause the coefficient of the second term on the left side of the equation to increase, thus resulting in a decrease in f w to keep the sum of the two terms on the left side of the equation constant at a value of unity.
As indicated by Eq. A-8 and Eq. 10, the value of the apparent mobility ratio is determined by the flow-behavior indices n w and n o and the consistency indices H w and H o . The above cases investigated the effect of apparent mobility ratio controlled by the nonNewtonian flow-behavior indices. The consistency indices were taken as 1 and 5 for water and oil, respectively. For polymer solutions, the flow-behavior index as reported by many investigators (Teeuw and Hesselink 1980; Cannella et al. 1988 ) is usually less than 1 (usually 0.3 to 0.7 and decreasing with increased polymer concentration). This will result in unfavorable displacement conditions (n w <n o ). The consistency factor for polymer solutions, however, is much higher than that of water (10 to 500 and increasing with increased polymer concentration), which will result in a lower apparent mobility ratio and favorable displacement conditions. Gleasure and Phillips (1990) reported that some synthetic polymer solutions such as polyethylene oxide (PEO) and partially hydrolyzed polyacracrylamides (PHPA) have a shear thickening behavior in core flow (n w >1). This, combined with the high value of the consistency index, will result in very favorable displacement conditions.
The results reported by Gleasure (1990) are in agreement with the results of the developed model. Two sets of polymers (XAN and PEO) at polymer concentrations of 500, 1,500, and 2,500 ppm were used to displace oil in unconsolidated porous media. The consistency index H increases while the flow-behavior index n w decreases as polymer concentration increases. The increase in the consistency index H, however, is much more than the decrease in the flow-behavior index. This behavior causes a decrease in the apparent mobility ratio and, hence, an increase in the fractional oil recovery with the increase of polymer concentrations for both sets of polymers. The consistency index H for the PEO polymers is much lower than that for the XAN polymer at all concentrations. This would result in a higher apparent mobility ratio and lower fractional oil recovery for the PEO polymers as compared with the XAN polymers. However, because of the high values of the flowbehavior index, the fractional oil recovery for PEO polymers does not differ too much from that for the XAN polymers. These results are in agreement with the results of the developed model.
Effect of Reservoir Heterogeneity.
The heterogeneity of the reservoir is described by means of the standard deviation of the permeability distribution k or the Dykstra-Parsons coefficient of variation V DP , which is related to k by the relation k =ln [1/(1 -V DP )]. A value of V DP ‫0ס‬ represents a homogeneous reservoir (constant k), while a value of 1 represents a totally heterogeneous reservoir. To investigate the effect of reservoir heterogeneity, permeability distributions were obtained from a log-normal distribution with V DP values of 0.25, 0.5, and 0.75 and n w /n o values of 0.8/1, 1/1, and 1/0.8 (Cases 1, 2, 4, and 10 through 15). The results for these cases are shown in Fig. 8 in terms of water cut f w vs. fractional oil recovery R. As can be expected, heterogeneity (higher V DP ) tends to have a negative effect on the performance. For any pair of fluids with a fixed value of n w /n o , the value of f w increases and the value of R decreases at higher values of V DP . This effect is more noticeable, however, when n w /n o >1.
It also can be seen that for any value of V DP , water cut f w decreases and the fractional oil recovery R increases for n w /n o >1 and vice versa, as was noticed before. This effect, however, is more apparent in the less-heterogeneous reservoirs (V DP ‫)52.0ס‬ than in the more-heterogeneous reservoirs (V DP ‫.)57.0ס‬ Effect of Total Injection Rate. To investigate the effect of the total injection rate on the performance, six cases were considered. First, Cases 8, 2, and 9 (with values for Q t of 50, 100, and 200, respectively, and an n w /n o value of 0.8/1), and then Cases 18, 4, and 19 (with values for Q t of 50, 100, and 200, respectively, and an n w /n o value of 1/0.8) were investigated. All other parameters are the same for all cases. Fig. 9 shows the fractional oil recovery R as a function of dimensionless time for the three rates. It is clear that the increase in the total injection rate results in an increase in the fractional oil recovery R when n w >n o and a decrease in the fractional oil recovery when n w <n o . Again, this behavior can be explained by Eq. 15. The total injection rate Q t is raised to the power of n w /n o −1. For n w /n o >1, this power is positive, so the coefficient of the second term on the left side of the equation increases as Q t increases. This causes f w to decrease to keep the sum at a value of 1. On the other hand, for n w /n o <1, Q t is raised to a negative power, and the coefficient of the second term decreases as Q t increases, resulting in an increase of f w .
Displacement at Constant Pressure Drop.
The procedure outlined before for injection at constant total pressure drop was applied for n w /n o values of 0.8/1.2 and 1.2/0.8. Fractional-flow curves were calculated at values of dimensionless distance of the displacement front in the first (most-permeable) layer X 1 of 0.2, 0.4, 0.6, 0.8, and 1 and at the times of water breakthrough in the successive 20 layers of the stratified system. Fig. 10 shows the fractional-flow curves as a function of the pseudo (average) water saturation. It is seen that f w increases as X 1 increases and as water breaks through the successive layers. This behavior is more effective for the n w /n o case of 0.8/1.2 than for the 1.2/0.8 case. For Newtonian fluids, the f w /S w curve remains the same during the displacement process. Fig. 11 shows the fractional oil recovery vs. the dimensionless time, and Fig. 12 shows the water cut vs. the fractional oil recovery for displacement at constant total pressure drop in comparison with those at a constant injection rate. The figures show a decrease in fractional oil recovery and an increase in water cut for displacement at constant total pressure drop. This effect is more noticeable when n w <n o than when n w >n o . This behavior may be explained by the large increase in the injection rate for n w <n o as the displacement proceeds, as seen in Fig. 13 .
Conclusions

A mathematical model is developed for power-law non-
Newtonian-fluid displacement in communicating stratified reservoirs. Equations are derived for fractional oil recovery, water cut, injectivity ratio, and pseudorelative permeabilities. Cases of displacement at constant injection rate and at constant total pres- sure drop are considered. An iterative procedure is applied to solve for the implicit equations obtained. 2. The performance is controlled mainly by the relative values of the rheological-model indices n w and n 0 . The performance improves (higher recovery and lower water cut) over the Newtonian case for n w >n o , and the opposite occurs for n w <n o . For the same n w /n o ratio, the performance is controlled mainly by the apparent mobility ratio. The recovery increases and the water cut decreases as the apparent mobility ratio decreases. 3. The recovery increases and the water cut decreases as the total injection rate is increased for n w >n o ; the opposite is true for n w <n o . 4. Increased reservoir heterogeneity (high V DP ) results in lower oil recovery and higher water cut. This behavior becomes more apparent for n w >n o . 5. Fractional oil recovery is lower and water cut is higher for displacement at constant pressure drop as compared to those at constant injection rate, with other parameters being the same. This effect is more noticeable for n w <n o . From Eqs. A-2 and A-4, we obtain
where ␥ is the apparent-mobility ratio defined as 
. (B-8)
At the time of water breakthrough in Layer j (j‫,1ס‬ 2, . . . , N) , from Eqs. Dividing Eqs. B-7 and B-9 by Eq. B-10 and rearranging, we obtain expressions for the inverse injectivity ratio 1/I r or the resistivity ratio ␤.
Before water breakthrough in the first layer, 
